Abstract. We present a short proof of an explicit formula for the group of links (and also link maps) in the 2-metastable dimension. This improves a result of Haefliger from 1966. Theorem. Assume that p ≤ q ≤ m − 3 and 2p + 2q ≤ 3m − 7. Denote by L m p,q (resp. K m p ) the group of smooth embeddings S p ⊔ S q → S m (resp. S p → S m ) up to smooth isotopy. Then
Our approach is based on an exact sequence involving the group of links, link maps and their relative versions. The latter are classified via the β-invariant of Koschorke, Habegger and Kaiser.
Introduction.
This paper deals with the classification of links. In contrast to the classical situation of simple closed curves in R 3 we study links in codimension at least 3, where a complete answer can sometimes be obtained.
We work in smooth category throughout this section. Denote by L m p,q (respectively, K m p ) the set of embeddings S p ⊔ S q → S m (respectively, S p → S m ) up to isotopy. For p, q ≤ m − 3 this set of equivalence classes is a group with respect to 'connected sum' operation [Hae66C] .
Our main result is an explicit formula for the group L Here V M+l,M is the Stiefel manifold of M -frames at the origin of R M+l , where M is large. Many of the groups π n (V M+l,M ) and K m p are known [Pae56, Hae66A] . This theorem was proved in [Hae66C, Theorems 10.7 and 2.4] under stronger restrictions p+3q ≤ 3m − 7 and p ≤ q. That argument can be extended to cover the entire 2-metastable dimension (see §7). We not only improve the result of [Hae66C] , but give a simpler proof of this classical result. Our approach to the classification of links is based on studying of link maps, which is an interesting problem in itself [Sco68, Kos90, HaKa98] .
A link map f : X ⊔ Y → Z is a map such that f (X) ∩ f (Y ) = ∅. A link homotopy is a homotopy through link maps. Denote by LM m p,q the set of link maps S p ⊔ S q → S m up to link homotopy. For p, q ≤ m − 3 it is a group with respect to the 'connected sum' operation [Sco68, p. 187] . The construction of this group structure requires 'link concordance implies link homotopy' theorem, announced in [KrTa97, Kos97, Mel00] and proved in [Mel, cf. BaTe99] .
Our second result is a short proof of an explicit formula for the group LM Our simplification of the argument from [HaKa98] is an easier construction of link maps used in the proof that the map α : LM m p,q → π S p+q+1−m in this theorem is surjective (see §6). Checking the injectivity of the map α is essentially the same as in [HaKa98] .
Our approach is based on an exact sequence involving the group of links, link maps and their relative versions. This sequence is related to the James EHP sequence via the linking number along with the α-and β-invariants of link maps. Both Theorems 1 and 2 are reduced to the completeness of the relative β-invariant, proved analogously to [HaKa98, Theorem IV] .
The paper is organized as follows. In §2-6 we work in piecewise linear category. In §2 we construct our exact sequence. In §3 and §4 we prove Theorems 1 and 2 respectively modulo Theorem 5 (showing the relation of our sequence to the EHP sequence) and Theorem 6 (asserting the completeness of the β-invariant). In §5 and §6 we prove Theorems 5 and 6 respectively. In §7 we discuss some related questions not used in the rest of the paper.
To keep the paper self-contained we supply two appendices. They contain a relative version of the argument from [HaKa98] used in the proof of Theorem 6. In Appendix I we give an approach to 'simplify' the self-intersection of an immersed disc via surgery on its double point manifold. In Appendix II we describe the complement to an immersed disc with 'simple' self-intersection.
In [CRS] the same approach is applied to the classification of embeddings
Construction of exact sequences
Hereafter L m p,q is the group of piecewise linear embeddings
whose restriction to the boundary is an embedding (into ∂D m ). A disc link homotopy is a homotopy through disc link maps, whose restriction to the boundary is an isotopy. Let DM m p,q be the set of disc link maps up to disc link homotopy. For p, q ≤ m − 3 it admits a natural group structure, defined analogously to those of L • •
The proof is easy: Construction of the homomorphisms. Let e be the obvious map. Let p be the 'restriction to the boundary' map. The map h is the 'cutting' homomorphism defined as follows. Take a link map
By a link homotopy of f we may assume that there are points x ∈ S p and y ∈ S q such that the restrictions of f onto their neighborhoods B p x and B q y are standard embeddings. Since p, q ≤ m − 3, we can take a path l from f x to f y intersecting f (S p ⊔ S q ) only at ∂l. Set h(f ) to be the restriction of f to a map (
Proof of the exactness. We have Im p = Ker e because a link f : 
3. Classification of links.
In this section we prove Theorem 1 modulo Theorem 6 (stated in the proof). 
Classification of link maps.
In this section we prove Theorem 2 modulo Theorems 5 and 6 (stated in the proof). We begin with a geometric construction of the following Koschorke exact sequence: Proof of Theorem 2 modulo Theorems 5 and 6. Theorem 5 together with the remark after the statement assert that there is the following commutative (up to sign) diagram with exact lines:
Here n = p+ q + 1 − m, the maps λ are the linking numbers. Clearly, both maps λ are isomorphisms. For q ≤ p ≤ m − 3 and 2p + 2q ≤ 3m − 7 both maps β are isomorphisms, which is a part of the statement of Theorem 6. So by 5-lemma the map α is an isomorphism, and Theorem 2 follows.
Relation to the EHP sequence.
In this section we prove the following theorem:
Theorem 5. (A. Skopenkov) For p, q ≤ m − 3 and p + 3q ≤ 3m − 5 there is the following diagram with exact lines, commutative up to sign:
Remark. The top line in this theorem can be replaced by the sequence ( * ) from §4.
The bottom line is the stable James EHP sequence [Jam54, KoSa77] , which is exact for p + 3q ≤ 3m − 5. The linking number λ = λ 12 and the map α are defined in [Hae66C] and [Kos90, §1] respectively. The map β can be defined analogously to the β-invariant LM Further replace the bottom line in Theorem 5 by its geometric form ( * * ). This form of the theorem in some sense reflects duality between link maps and immersions: link maps (resp., immersions) are not embeddings because they have self-intersections of 'close' (resp., 'distant') points. 
Construction

Classification of disc link maps.
In this section we prove the following central assertion:
Theorem 6. For q ≤ p ≤ m − 3 and 2p + 2q ≤ 3m − 6 we have
where the second isomorphism is given by the β-invariant. 
This isomorphism is given by the formula
Proof of Theorem 6 modulo Lemma 7. Let us check that the β-invariant is bijective:
The injectivity of the β-invariant DM 
Thus β is surjective. The bijectivity of the β-invariant DM Thus we have proved Theorems 1 and 2 modulo Lemma 8. To keep the paper self-contained we supply the proofs of Lemma 8(i) and (ii) in Appendices I and II respectively.
Concluding remarks.
(i) The argument of [Hae66C] can be extended to cover the entire 2-metastable dimension 2p 1 + 2p 2 ≤ 3m − 7 (we use the notation of [Hae66C] p1 is generated by all θ k (i 1 , i 2 ) for all integers k ≥ 0 such that kp 1 + p 2 ≥ (k + 1)(m − 2), and the group Π In particular, this theorem implies Lemma 8(i) above.
Sketch of the proof. Hereafter omit f from the notation of ∆(f ),∆(f ), λ(f ) andλ(f ). Making the mapλ : ∆ → P ∞ (s + 1)-connected proceeds in 2 steps: Step 1. Making ∆ connected and π 1 (∆) → π 1 (P ∞ ) surjective (i. e.∆ connected).
Step 2. Killing the elements of Ker(π i (∆) → π i (P ∞ )) for 1 ≤ i ≤ s. These steps are sufficient because the map π i (∆) → π i (P ∞ ) is automatically surjective for i > 0. In both steps 1 and 2 we make the following Whitney-Haefliger trick, performing surgery on ∆. Let us begin with Step 2. Take a map g : S i → ∆ representing an element of the kernel of π i (∆) → π i (P ∞ ). Generically for 2s ≤ 2q − m − 2 and s ≤ m − q − 3 it is an embedding missing the triple points of f . Since the compositionλ • g : S i → P ∞ is trivial, it follows that g(S i ) is trivially covered in∆. Denote by S Step 1 we have a choice of the spheres S 0 ± , because they are disconnected. After an appropriate choice our surgery will connect distinct components of∆, because dim ∆ = 2q − m ≥ 2s + 2 ≥ 2.
To make this argument precise we need to construct the standard model for doing the surgery and to define all the framings required to embed this standard model into M m .
Proof of Theorem 9. Standard model for doing surgery. [HaKa98] We will make use of the model manifold
For example, one may take g − (x, y, z) = (|x| 2 − 1, x, y, 0, z) and g + (x, y, z) = (1 − |x| 2 , x, y, z, 0).
i+2 performs the surgery. More precisely, the double points of the resulting regular homotopy are the trace of this surgery.
Step 2 (killing the elements of the kernel of π i (∆) → π i (P ∞ )). Assume that g : S i → ∆ represents an element of the kernel of the map π i (∆) → π i (P ∞ ), 1 ≤ i ≤ s. Since 2i ≤ dim ∆ − 1 (because 2s ≤ 2q − m − 2), we may assume that g is an embedding. By general position the triple point set has dimension ≤ 3q − 2m. Since s ≤ m − q − 3, it follows that i + 3q − 2m ≤ dim ∆ − 1, so generically Im g does not contain triple points. Since the compositionλ(f ) • g : 
. Thus the vectors {e 
